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Abstract 

\ In this paper, we will prove that, if the coefficient g = g(t,y,z) of a BSDE is assumed to be 

continuous and linear growth in (y,z), then the uniqueness of solution and continuous dependence 
with respect to g and the terminal value £ are equivalent. 
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1 Introduction 

We consider the following 1-dimensional backward stochastic differential equation (BSDE): 



o 



yt = Z + J g{s,y s ,z s )ds- J z s dW s , te[0,T]. 



(1) 



> 
O 

where the terminal condition £ and the coefficient g — g(t, y, z) are given. W is a d-dimensional Brownian 
£T) ■ motion. The solution (y t , zt)te[o.T] is a pair of square integrable processes. A foundational and interesting 

problem is: what is the relationship between the uniqueness of solution and continuous dependence with 
respect to g or £? In the standard situation where g satisfies linear growth condition and Lipschitz 
condition in (y,z), it has been proved by Pardoux and Peng [5j that there exists a unique solution. In 
this case, the continuous dependence with respect to g and £ is is described by the following inequality 
(see El Karoui, Peng and Quenez [I]): 



e{ sup \y 1 t -y 2 t \ 2 )<CE{\e-e\ 2 + f \g\t, y^zj) - g 2 (t, ylz l t )\ 2 dt) , (2) 

U<t<T J [ Jo J 

where (yj , z\ )t£[o,r] an d (yf , 2f)te[o,T] are the unique solutions of BSDE (g 1 ,^ 1 ) and BSDE (g 2 ,£ 2 ) 
respectively. From this, fruitful results are derived. However in the case where g is only continuous in 
(y, z), in place of the Lipschitz condition, Lepeltier and San Martin [3] have proved that there is at least 
one solution. In fact, there is either one or uncountable many solutions in this situation(sce Jia and Peng 
To answer the question whether the uniqueness of solution also implies the continuous dependence 
with respect to g and £ is what this paper will achieve. 

In this paper we will prove that if the coefficient g satisfies the conditions given in [3], then the 
uniqueness of solution and continuous dependence with respect to g and £ are equivalent. This result, 
which can be regarded as the analog of the inequality @ in some sense, provides a useful method to 
study BSDEs with continuous coefficient. 

This paper is organized as follows. In Section [2] we formulate the problem accurately and give some 
preliminary results. Section [3J is devoted to proving the equivalence between uniqueness and continuous 
dependence with respect to terminal value £. Finally, in Section [4] we will prove the equivalence of 
uniqueness and continuous dependence with respect to parameters g and £. 
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2 Preliminaries 



Let (O, T i P) be a probability space and (W t )t>o be a d-dimensional standard Brownian motion in this 
space. Let (Tt)t>o be the filtration generated by this Brownian motion: Tt = <j{W s ,s G [0,t]} V J\f, 
¥ = (J 7 t)t>o, where M is the set of all P-null subsets. 

Let T > be a fixed real number. In this paper, we always work in the space (O, Tt, P). For a 
positive integer n and z G K™, we denote by \z\ the Euclidean norm of z. We will denote by H„ = 
7i 2 (0, T; W l ), the space of all P-progressively measurable IR"-valued processes s.t. E[J Q \tpt\ dt] < oo, 
and by 5 2 = iS 2 (0,T;K) the elements in H 2 (0,T;M) with continuous paths s.t. i?[sup tg j T j \^t\ 2 } < oo. 

The coefficient g of BSDE is a function g(w, t, y, z) : f2 x [0, T] x K x R rf — > E satisfying the following 
assumptions: 

(HI): linear growth: there exists a nonnegative constant A, such that \g(uj, t, y,z)\ < A(l + \y\ + \z\), 
Vt,uj,y,z 

2 f„„ „„„V, („, -,\ r- TO ^ TB rf 



(H2): (g(<,y,2))te[ ,T] G Hf, for each (y,z) G 



X 



(H3): g(ui,t, ., .) is continuous for fixed (t,u>). 

Given by Lepeltier and San Martin [3l Th. 1], under (HI) — (H3) and for each given £ 6 L 2 (f2, JFt, P), 
there exists at least one solution (y t , z t )te[o,T] £ S 2 xH 2 d of BSDE |T]). [5] also gives the existence of the 
maximal solution (y t , Zt)te[o,T] and the minimal solution (j/ t , z t )ig[o,T] of BSDE (TTJ) in the sense that any 
solution (yt, Zt)t£[o.T] G <S 2 x H 2 d of BSDE (fT]) must satisfy y t < y t < y t , a.s., for all t 6 [0, T]. 

It is well known that under the standard assumptions where g is Lipschitz continuous in (y, z), for any 
random variable £ in L 2 (Tt), the BSDE (TT]) has a unique adapted solution, say (yt, zt)te[o.T] such that 
z G H 2 ! and y G S 2 (see [4]). And we have the following estimate for solution of BSDEs with Lipschitz 
continuous generator g coming from pQ. 

Lemma 1 IfZ, 1 ,!; 2 G L 2 (Tt) and g is Lipschitz continuous in (y, z). Then, for the solutions (y\, z}) te ^T] 
and (y 2 , z 2 ) t6 [ 0j T] of the BSDEs, (g,T,£}) and (g,T,£ 2 ) respectively, we have 

E[ sup \y]-y 2 t \ 2 ]<CE\e -i 2 ? 

0<t<T 

where C is a positive constant only depending on Lipschitz constant of g. 

Now, we will recall some properties and associated approximation about BSDEs with g satisfying 
Assumptions (Hl)-(H3)(see [3] for details). 

Lemma 2 If g satisfies Assumptions (HI) — (H3), and we set 

9 m (t,V,z) := inf {g(t,u,v) +m(\y-u\ + \z - v\)} , 

and 

g m (t,y,z):= sup {g(t, u,v) - m(\y - u\ + \z - v\)} , 

(u,v)eR 1 + d 

then for any m > A, we have 

(1) . For anyy G M, z G R d andt G [0,T], g_Jt,y,z) < A(\y\ + \z\ + l), andg m (t,y,z) < A(\y\ + \z\ + l). 

(2) . For any y G K, z G R d and t G [0,T], g (t,y,z) is non- decreasing in m and g m (t,y,z) is 
non-increasing in m. 

(3) . g and g m are Lipschitz functions, i.e., for any 2/1,2/2 G M, Z\,z% G K d and t G [0,T], 

S m (^i> z i) -9 m (t, 2/2,^2) < m(|2/i - J/2 1 + W ~ z 2 \) and |<7 TO (i, 2/1, ^i) - g m (t, 2/2, z 2 )\ < m(|yi - y 2 \ + 
z\ - z 2 \). 

(4) . if(y m, z m ) y (y, z) as m ► 00, then g_ m (t, ym, z m ) -> g(t,y, z) and g m (t, ) — > g(t,y, z) as 
m — > 00. 

Lemma 3 If the processes (y™ , z_T)te[o.T] an d (yT ^T)k[o,t\ are the unique solutions of the BSDEs 
(g ,T,£) and(g m ,T,^) respectively, then 

(y^,zT)te[o,T] -> (y t ,z t )te[o,T], and (y t m , z^te&T] ~* (y~t,z~t)te[o,T], (m 00) 

in S 2 xH. 2 , where (y ,z t )tg[oT] (j7t, ^t)te[o t] are the minimal solution and maximal solution of BSDE 

W- 
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3 Main Results 



In this section, we will prove the equivalence of uniqueness of solution and continuous dependence with 
respect to terminal value £. 

Theorem 4 If Assumptions (HI) — (H3) hold for g, then the following two statements are equivalent. 

(i) . Uniqueness: The equation (QP has a unique solution. 

(ii) . Continuous dependence with respect to £: For any {^ n }^—i> £ € L 2 (!Ft), if £n £ in L (Ft) as 
n — > oo, i/iera 



lim E[ sup 

n-«x> t6 [o,T] 







(3) 



where (Vt i zf)te[Q t] *s any solution of BSDE (QP and (y| ra , )te[o r] are any solutions of the BSDEs 

Proof. Firstly, we will prove that (i) implies (ii). Given n, we note that for any solution (j/| n , z^ n ) te [Q x] 
of BSDE (g, T, £"), we have 

l£" <!/£" <yf,P-a. S . tG[0,T], (4) 
Now, we consider the following equations: 



zT' in dWs 



(5) 



and 



«r 5 " = Cn 



(6) 



where (n™' 1 *", 2™ )te[o,r] and (j/J™ , z" L )te[o,T] are unique solutions of ((5j) and ((6|) respectively. 
Thanks to Lemma [3l we know that 

(y™'^,z?'h - (& f ",lh, ^ (yT' U ^T 4n ) - (Sf",4 n )> * e [0,T]. 
in 5 2 x as m — > oo, and get the following inequalities 



yTO,£n < y5n < ^ < y™'^", /or arty n,t E [0, T] and m > A 



(7) 



From inequality ([7J), we have 



£ti £ £11 i -T^fn -?n,f . -771, £ 

?/t - y t = y| - z/t + 2/* - Vt + Vt 

< {Vt ~Vt ) + (2/t -J/t) 



i4 



and 



yf"-yf = 



i4 



Thus 



£[ sup 

te[o,T] 



2/t ? " - Vt 



< 2E[ sup 
te[o,r] 

+ 2£[ sup 

te[o,T] 



] + 2£[ sup 

te[o,T] 

] + 2E[ sup 

*6[0,T] 



Vt ~ Vt 



where (y™' ? ,ir ? )te[o,T] and (y t m ' C , 2 t m ' 5 )«e[o,T] are solutions of BSDEs (g_ m ,T,£) and (ff m ,T,£) respec- 
tively. 

By Lemma [T] and Lemma as n — * oo, we have 



E[ sup 
te[o,T] 



] — > 0, and E[ sup 
te[o,T] 



Vt - Vt 



] — > 0, /or any m. 
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By Lemma [3] and the uniqueness of solution for BSDE fTJ) , we get 



E[ sup 

te[o,T] 



yT 4 - y* 



] — ► 0, and E[ sup 
te[o,T] 



2/ t - y* 







as ra -> co. That is (ii). 

Now, we will prove that (ii) implies (i). We take £„ = £. For equations (g, T, £"), we set y| n = yf " = yf . 
For the equation (TTJ), we set = v\- From (ii), we have = yf- The proof is complete. ■ 

Remark 5 In fact, when the solution of (QP is not unique, the continuous dependence may not hold true in 
general. For example, we take g(t, y, z) = 3y 2 / 3 , £ = 0. It is easy to know that (yt, z t )t^[o,T} = (0, 0) te [o,T] 
and (Yt, Zt)t£[o,T] — ((T — t) 3 , 0) t& t T] both are solutions of BSDE 



iyi ds 



H dW„; < t < T. 



Set£ n = l/n, the BSDEs 



3yi ds- z s dW s ; < t < T, n = 1, 2, 



have unique solutions (y t ™ , z t " ) = ((T — t + -37^) , 0) /or n = 1, 2, • • • . But 



lim _E[ sup 

n-»oo te[0,T] 



Vt - vt 



} = TV = lim £[ sup 
te[o,T] 



4 The General Case 

In this section, we will deal with the more general case, that is, the relationship between uniqueness 
of solution and continuous dependence with respect not only to £ but also to g. Now, we consider the 
following BSDEs: 



C A + / g x (s,y x ,z x )ds 



(8) 



where A belongs to a nonempty set Del. The coefficient g x is a function g(uj, t,y,z) : D x ft x [0, T] x 
R x R d — > R satisfying the following assumptions: 

(HI'): linear growth: there exists a nonnegative constant A, such that |<? A (w, t, y,z)\ < A(l + \y\ + \z\), 
V\,t,uj,y, z. 

(H2'): (g(t,y,z))t e[Q ,T] <E U\, for each (y,z) e R x K d and X E D. 
(H3'): <?(w, i, ., .) is continuous for fixed (t, w, A). 

(H4'): uniform continuity: <? A is continuous in A = Ao uniformly with respect to (y, z). 

When (HI') and (H3') are replaced by Lipschitz condition (L), i.e., there exists a nonnegative constant 
K, such that \g x (u, t, y x , z\) - g x (u>, t, y 2 , z 2 )\ < K(\y\ - y 2 \ + \zi - z 2 \), VA,t, u>, yi, Z\ and y 2 ,z 2 , the 
BSDE JS} has a unique adapted solution for any A € D. And we have the following property: 

Lemma 6 If £ A -s- £ A ° m L 2 (T T ) as A -> A 0; Assumption (H2'), (L) and (H4') hold for g x . Moreover 
(yt> z t)t£[o,T] an d {Vt° : z t°)t£[o,T] are the solutions of the BSDEs (g x ,T,t; x ) and (g x ° ,T,£ A °) respectively, 
then 



E[ sup 

*e[o,T] 



,A 



.Ac 



Vt ~Vt 



} < CE\C-C°\ 

-T 



CE 







g x (t,y Xo ,z Xo )~g x °(t,y Xo ,z Xo ) 



ds 



where C is a positive constant only depending on Lipschitz constant K . Moreover, we have 

2 



lim E[ sup 

A^A te[0,T] 



yi - yi { 



0. 



(9) 



(10) 
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Proof. With the usual techniques of BSDE we can get inequality ©(see [3] for detail). Because of the 
continuity of g x in A = Ao and Lebesgue dominated convergence theorem we take limit to both sides of 
© and get equation ([1^) . The proof is complete. ■ 

Now, we introduce the approximation sequences of g x as follows: 

£jt, y, z) = inf i+d {g X {t, u, v) + m(\y - u\ + \z - v\)} , (11) 

and 

3m(*.y>^)= SU P {g X {t,u,v) - m(\y - u\ + \z - v\)} . (12) 



Lemma 7 If g x satisfies (HI') — (H4'), then for any m > A, we have 



(!)■ 
and t G 



g^(t, y, z) < A(\y\ + \z\ + 1), and \g x L (t, y,z)\< A(\y\ + \z\ + 1), for any y G R, z G R d , A G D 
0,T\. 



(2) . For any given y G M, z G IR^A G D and t G [0, T], g^J(t,y,z) is nondecreasing in m and 
(^(t, y, 2) is non-increasing in rn. 

(3) . g x and g x n are Lipschitz continuous in (y,z), that is, for any yi,y2 G M, zi,z 2 G M. d and A G 



D, we have 



g x , 



t (t,yi,Zi) ~g^(t,y 2 ,z 2 ) < m(\yi - y 2 \ + \zi - z 2 \), and \g^ l {t,y 1 , z x ) - g^(t,y 2 , z 2 )\ < 
m{\yi - 2/2 1 + \z\ - z 2 \). 

(4) - If (y m ,z m ) -> (y,z) asm^oo, then g^ n (t,y m ,z m ) -> g x (t,y,z), and g^(t,y m , z m ) -> g x (t,y, z) 
as m — > oo . 

(5) . Both g^ and g x t are continuous in A = Ao. 

Proof. It is easy to check (1) — (4) (see [3]). Now, we will prove (5). For any e > 0, by the definition of 
g x , there exist (y £ > x ,z £ > x ) and (y^o z e,a ) ^at 



and 



thus 



g x (t,y £ ' x ,z £ - x ) + m\y-y £ ' x \ + \z - z £ > x \ - e < £*(t, y, z) 
< g x {t,y 6 ' x °,z £ - Xo ) +m\y- y £ ' x " \ + \z- z £ - x °\ 

g Xo (t,y £ < x °,z £ ' Xo )+m\y-y £ ' X °\ + \z~z £ < x °\-s<g^(t,y,z) 
< g x °{t,y £ ' X ,z £ > x ) +m\y- y e ' X \ + \z- z £ > x \ 



g x (t,y £ > x ,z £ > x )-g x °(t,y £ ' X ,z £ > x )-E 
<g^(t,y,z)-g%(t,y,z) 
< g x (t, y £ - x ° , z £ ' Xa ) - g Xa (t, y £ ' X « , z £ ' X °) + e 

Because g x is continuous when A = Ao uniformly with respect to (y,z), we obtain the continuity of g 
and g^ in A = Ao. The proof is complete. ■ 



A 

— m 



Lemma 8 If g x satisfies (HI') — (H4 ! ), and the processes (y X ' iTn ,z_t' m )te[o.T] an d (j/^'™ 1 , z t' m )te[o,T] are 
the unique solutions of the BSDEs (g x , T, £ A ) and (^,T, £ ) respectively, then, for any A G D, we have 



( Am A,m\ / A A\ j /— A,m -A,m\ /-A -A\ 

[y t ' ,z t )tg[o,T] ->■ {y t ,z?)te[o,T], and {y t ' ,z t > ) te [ ,T] -► KVt > O*e[0,T] 



A,m -A,m\ 



m 5 x as m —> go, where (y x ,z x )te[o,r] ani ^ (j/t i z t )te[o,r] are ^ e minimal solution and maximal 
solution of BSDE (gj). 

Now, we give our result for the general case. 
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Theorem 9 If g x satisfies (HI') — (H4'), then the following statements are equivalent: 

(Hi). Uniqueness: there exists a unique solution of BSDE (0) when A = Ao, that is, the solution of 
(g X( ',T, £ A °) is unique. 

(iv). Continuous dependence with respect to g and £: for any £ A , £ A ° £ 1?{Tt), if £ A — > £ A ° in 
L 2 {J-t) as A — > A , (y A , z A )te[o,T] are arl 2/ solutions of BSDEs iT3)J, (y A °, z A °) te [o,T] * s an 2/ solution of 
BSDE when A = A 0j tfiera 



lim i5[ sup 

A->A te[0,T] 



y A - y Ar 



= o. 



Proof. This proof is similar to that of Theorem 2J For the sake of completeness, we give the sketch of 
proof. Firstly, we prove (iii) implies (iv). We can get the inequalities similarly to ([7]), that is, y™ x < 

y x < Vt < Vt < yT" X i for an y * e [°> T l and m > A So > 



£[ sup 

te[o,T] 



A Ar 

V t ~Vt 



} < 2E[ sup 

t£[0,T] 

+ 2E[ sup 

te[o,T] 



,A, m 


M-t 


2 

]- 


f 2E 


sup 

te[o,T] 


? ,An,m 
2-t 


-y t Ao 


-A.m 

Vt 


-An ,m 

-Vt 


2 

]" 


f 2£? 


sup 

te[o,T] 


-An .m 


-y Ao 



Fixed m, with the help of Lemma [6] and Lemma [7] and the continuity of g X m and g^ when A = Ao, we 
have, 

2 2 

-> 



E[ sup 
te[o,T] 



A,m _ A ,m 



] — > 0, and -£?[ sup 

*6[0,T] 



-A,m -An.m 

y t -2/ t 



as A — > Ao, for any m > A. By Lemma [5] and the uniqueness of solution for (g x °,T, £ A °) (Condition (hi)), 
we obtain, as m — > oo, 



_E[ sup 

*e[o,T] 



0, cmd E[ sup 

te[o,T] 



-An.m An 

Vt ~Vt 



0. 



This implies (iv). 

Now we will prove that (iv) implies (iii) . Take £ A = £ A ° , g x ~ g x ° . For equation ([8]) , set y\ 
y x °. For equation (g Ao , T, £ A °), take y A ° = y A °. By (iv), we have j/ A ° = y A °. The proof is complete. 



X — Vt = 
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